In this paper, by using C-class functions [4] for integral type of Suzuki-type mappings, some fixed point results are established on a metric space that generalize the results of Aleomraninejad and Shokouhnia [Adv. Fixed Point Theory, 5 (2015), No. 1, 101-109]. As an application, the existence of a continuous solution for an integral equation is obtained.
Introduction
The first important result on fixed points for contractive-type mappings was the well-known Banach contraction theorem, published for the first time in 1922 ( [7] ). In the general setting of complete metric spaces, this theorem runs as follows. Theorem 1.1. Let (X, d) be a complete metric space, β ∈ (0, 1) and let T : X → X be a mapping such that for each x, y ∈ X, d(T x, T y) ≤ βd(x, y).
Then T has a unique fixed point a ∈ X such that for each x ∈ X, lim n→∞ T n x = a.
In order to generalize this theorem, many authors have introduced various types of contraction inequalities. In 2002, Branciari proved the following result (see [8] ). f (t)dt > 0. Then T has a unique fixed point a ∈ X such that for each x ∈ X, lim n→∞ T n x = a.
In 2008, Suzuki introduced a new method in [16] and then his method was extended by some authors (see for example, [10-12, 16, 17] ). Kikkawa and Suzuki extended the method in [11] and then Mot and Petruşel further generalized it in [12] . The following theorem is the result of Theorem 2.2 in [2] . Theorem 1.3. Let (X, d) be a complete metric space and T : X −→ X a mapping. Suppose that there exist α ∈ (0,
for all x, y ∈ X. Then T has a unique fixed point a ∈ X such that for each x ∈ X, lim n→∞ T n x = a.
In 2015, Aleomraninejad and Shokouhnia [3] by idea of Suzuki and Branciari established the following theorem. Theorem 1.4. Let (X, d) be a complete metric space and T : X −→ X a mapping. Suppose that there exist α ∈ (0,
for all x, y ∈ X and f : [0, ∞) → (0, ∞) is a Lebesgue integrable mapping which is summable (i.e., with finite integral on each compact subset of [0, ∞)) and for each ε > 0,
The aim of this paper is to use of C-class functions and provide a new condition for integral type mapping T which guarantees the existence of its fixed point in a metric space by idea of Aleomraninejad and Shokouhnia. Our results generalize some old results. In this way, we appeal the following notions.
Basic notions
Lemma 2.1. Let a, b ∈ [0, ∞) and f : [0, ∞) → (0, ∞) a Lebesgue integrable mapping which is summable and for each ε > 0, 
in 2014 A.H. Ansari [4] introduced the concept of C-class functions which cover a large class of contractive conditions. (
An extra condition on F that F (0, 0) = 0 could be imposed in some cases if required. The letter C will denote the class of all C-functions.
Example 2.4. [4] Following examples show that the class C is nonempty:
2. F (s, t) = ms,for some m ∈ (0, 1).
4. f (s, t) = log(t + a s )/(1 + t), for some a > 1.
5. f (s, t) = ln(1 + a s )/2, for e > a > 1. Indeed f (s, t) = s implies that s = 0.
6. f (s, t) = (s + l) (1/(1+t) r ) − l, l > 1, for r ∈ (0, ∞).
7. f (s, t) = s log t+a a, for a > 1.
14. f (s, t) = n ln(1 + s n ).
15.
is a upper semicontinuous function such that φ(0) = 0 and φ(t) < t for t > 0. (ψ 2 ) ψ(t) = 0 if and only of t = 0. 
We note that also can see
Main Results
The following theorem is the main result of this paper.
Theorem 3.1. Let (X, d) be a complete metric space and T : X −→ X a mapping. Suppose that there exists α ∈ (0,
for all x, y ∈ X , ψ ∈ Ψ, ϕ ∈ Φ u , F ∈ C and f : [0, ∞) → (0, ∞) is a Lebesgue integrable mapping which is summable and for each ε > 0,
Proof. Fix arbitrary x 0 ∈ X and
Since ψ ∈ Ψ, we have
By continuing this process, we obtain a sequence {x n } n≥1 in X such that
We claim that for any y ∈ X, one of the following relations is hold:
which is a contradiction. Now let a n = d(x n , x n+1 ) for all n ≥ 1. It is obvious that {a n } n≥1 is monotone non-increasing and so there exists a ≥ 0 such that lim n→∞ a n = a. Since
f (t)dt = 0. Therefore, a = 0, that is, lim n→∞ a n = 0. We claim {x n } n≥1 is a Cauchy sequence in (X, d) i.e,
Suppose, to the contrary, that {x n } is not a Cauchy sequence. By Lemma 2.5 there exists ε >0 for which we can find subsequences {x n(k) } and {x m(k) } of {x n } with n(k)> m(k)>k such that
Now by relations (3.1) and (3.2), we have
When k → ∞, we have
f (t)dt = 0 and hence, ε = 0, which is a contradiction. So there exists k ∈ N such that for each natural number N > k one has d(x m N +1 , x n N +1 ) < ε and d(x m N +2 , x n N +1 ) < ε. Now we claim that there exist a δ ε ∈ (0, ε) and N ε ∈ N such that for each natural number N > N ε , we have
Suppose that exist a subsequence
So, we have ε ≤ ε−δ ε when N → ∞, which is a contradiction. This proves our claim that {x n } n≥1 is a Cauchy sequence in (X, d). Let lim n→∞ x n = x. By relations (3.1) and (3.2), for each n ≥ 1 either
holds and then
we obtain d(x, T x) = 0 and so T x = x. We obtain T x = x, similar to cace (i), from case (ii). Now we shall show that this fixed point is unique. Suppose that there are two distinct points a, b ∈ X such that T a = a and T b = b. Since d(a, b) > 0 = αd(a, T a), we have the contradiction
To prove that lim n→∞ T n x = a, let x be arbitrary and a ∈ F ix(T ). Note that since d(a, T n−1 x) ≥ 0 = αd(a, T a) for every n ∈ N , we have
Letting n → ∞ in above inequality, we conclude that
Example and Application
In this section, we give some remarks and examples which clarify the connection between our result and the classical ones. As an application, the existence of a continuous solution for an integral equation is obtained. 
for all x, y ∈ X, i.e. d(T x, T y) ≤ βd(x, y). The converse is not true as we will see in Example 4.4. (5, 6) , (5, 4) , (0, 4)} ∪ {(n, 0) : n ∈ N} ∪ {(n + 12, n + 13) : n ∈ N} and its metric defined by d ((x 1 , x 2 ), (y 1 , y 2 
Then T satisfies the assumptions of Theorem 3.1 with f (t) = t t (1 + ln t) for t > 0, f (0) = 0, α = 5/12 β = 1/2 while T is not satisfies the assumptions of Theorem 1.2. First note that (5, 4) ) and (x, y) = ((5, 4), (5, 6) ). (5, 4) ) and (x, y) = ((5, 4), (5, 6) ). Then we have
In this context one has
On the other hands, since αd((5, 6), T (5, 4)) > 5/2 > 2 and αd((5, 4), T (5, 6)) > 25/12 > 2, T satisfies the assumption in Theorem 3.1. Let us consider the following integral equation: In this way, the integral equation (4.4) can be written as x = T (x). We are going to show that T satisfy the conditions of Theorem 3.1. Let x, y ∈ X and α|x(t) − g(t) − Now Theorem 3.1 shows that there exists x 0 ∈ X such that T x 0 = x 0 and so x 0 (t) = T x 0 (t) = t 0 K(s, x(s)ds + g(t).
